On Følner sets in topological groups by Schneider, Friedrich Martin & Thom, Andreas
 
 
 
 
 
Dieses Dokument ist eine Zweitveröffentlichung (Verlagsversion) / 
This is a self-archiving document (published version):  
 
 
 
 
 
 
 
 
 
 
Diese Version ist verfügbar / This version is available on:  
https://nbn-resolving.org/urn:nbn:de:bsz:14-qucosa2-707114 
 
 
 
„Dieser Beitrag ist mit Zustimmung des Rechteinhabers aufgrund einer (DFGgeförderten) Allianz- bzw. 
Nationallizenz frei zugänglich.“ 
 
This publication is openly accessible with the permission of the copyright owner. The permission is granted 
within a nationwide license, supported by the German Research Foundation (abbr. in German DFG). 
www.nationallizenzen.de/ 
 
Friedrich Martin Schneider, Andreas Thom 
On Følner sets in topological groups 
Erstveröffentlichung in / First published in: 
Compositio Mathematica. 2018, 154 (7), S. 1333– 1361 [Zugriff am: 15.04.2020]. Cambridge 
University Press. ISSN 1570-5846. 
 
DOI: https://doi.org/10.1112/S0010437X1800708X 
  
On Følner sets in topological groups
Friedrich Martin Schneider and Andreas Thom
Compositio Math. 154 (2018), 1333–1361.
doi:10.1112/S0010437X1800708X
https://doi.org/10.1112/S0010437X1800708X
Downloaded from https://www.cambridge.org/core. SLUB Dresden, on 15 Apr 2020 at 13:14:18, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
Compositio Math. 154 (2018) 1333–1361
doi:10.1112/S0010437X1800708X
On Følner sets in topological groups
Friedrich Martin Schneider and Andreas Thom
Abstract
We extend Følner’s amenability criterion to the realm of general topological groups.
Building on this, we show that a topological group G is amenable if and only if its
left-translation action can be approximated in a uniform manner by amenable actions
on the set G. As applications we obtain a topological version of Whyte’s geometric
solution to the von Neumann problem and give an affirmative answer to a question
posed by Rosendal.
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1. Introduction
This paper is a continuation of the study and application of Følner-type characterizations of
amenable topological groups that we initiated in [ST17]. The study of amenability of discrete
groups benefits from a wealth of possible viewpoints – ranging from analytic to combinatorial –
that allow for numerous approaches to problems and also many surprising applications. The study
of amenable groups was started by von Neumann in his analysis of the Banach–Tarski paradox.
Since then, the distinction between amenability, hyperfiniteness, and almost invariance on one
side and non-amenability, paradoxicality, and freeness on the other side has been a recurring
theme in modern mathematics – appearing in group theory, functional analysis, ergodic theory,
and operator algebras. In this paper, we will extend the study of this dichotomy in the context
of general topological groups, derive various non-trivial consequences, and develop a new more
combinatorial point of view towards amenable topological groups. The key concept in our study is
a suitable notion of Følner set. Følner’s insight [Føl55] was that the existence of almost invariant
finite subsets of a discrete group, a condition that was obviously sufficient for the existence of
an invariant mean, is also necessarily satisfied. This clarified the situation and opened the way
to various fundamental applications – let us just mention the development of Ornstein–Weiss
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entropy theory for group actions of amenable groups. We follow a similar route and identify a
topological matching condition that characterizes amenable topological groups.
In this paper we will lay the foundation of a Følner-type combinatorial characterization of
amenability and clarify its relationship with paradoxicality and freeness – applications towards
an entropy theory of group actions will be the subject of forthcoming work. One of our main
results is a generalization of a result of Whyte that characterizes finitely generated non-amenable
discrete groups by the existence of a partition of the Cayley graph into Lipschitz embedded trees
or, equivalently, the existence of a semi-regular free subgroup inside the associated wobbling
group. In this way we can characterize amenability of a topological group G by existence of
arbitrarily small perturbations of the left-translation action by amenable actions on G as a set.
More precisely, but still somewhat informally, if G is an amenable Polish group, then there exists
a sequence of maps αn : G → Sym(G) so that the image of each αn preserves a mean on the set
G and αn(g)(h) → gh as n →∞ for all g, h ∈ G uniformly. If G is compact, we can approximate
the left-translation action of G on itself by finite subgroups of Sym(G), i.e., not only does the
image of αn preserve a mean on the set G, but it generates a finite subgroup of Sym(G).
The focus of the final part of the paper is towards a study of the coarse geometry of amenable
topological groups – as recently initiated by Rosendal [Ros17a, Ros17b]. Our theory provides a
natural setup in which some classical constructions, that rely on the existence of Følner sets in
the realm of locally compact groups, can be carried out without further problems. Using Følner
sets, we can perform a certain ultra-product argument to see that any amenable topological
group that embeds coarsely into some Banach space E embeds also coarsely and equivariantly
into a Banach space V that is finitely representable in Lp(E).
This paper is organized as follows. In § 2 we recollect some facts about uniform spaces and
UEB (uniformly equicontinuous bounded) topologies. In § 3 we prove an amenability criterion
for topological groups by means of almost invariant vectors (Theorem 3.2) and in § 4 we give
a corresponding characterization in terms of topological Følner sets (Theorem 4.5). Utilizing
these results, in § 5 we prove the above-mentioned approximation result concerning perturbed
translations on amenable topological groups (Theorem 5.3) and deduce a topological version
of Whyte’s geometric solution to the von Neumann problem (Corollary 5.11). Our final § 6 is
devoted to an application of our results to coarse geometry of topological groups: in fact, we give
an affirmative answer to a question posed by Rosendal (Theorem 6.1).
2. Uniform spaces and the UEB topology
In this section we briefly review some preliminaries concerning uniform spaces and the UEB
topology. For further reading on this subject we refer to [Pac13].
For the sake of convenience, we recall some basic definitions and facts concerning uniform
spaces. A uniformity on a set X is a filter E on the set X ×X such that:
• {(x, x) | x ∈ X} ⊆ E for every E ∈ E ;
• E−1 ∈ E for every E ∈ E ;
• for every E0 ∈ E , there exists E1 ∈ E such that E1 ◦ E1 ⊆ E0.
A uniform space is a set X endowed with a uniformity on X, whose elements are called the
entourages of the uniform space X. For a uniform space X, the induced topology on X is defined
as follows: a subset S ⊆ X is open in X if, for every x ∈ S, there is an entourage E of X
such that {y ∈ X | (x, y) ∈ E} ⊆ S. Let X and Y be uniform spaces. A map f : X → Y is
called uniformly continuous if, for every entourage E of Y , there exists some entourage F of X
such that (f × f)(F ) ⊆ E. A bijection f : X → Y is called an isomorphism if both f and f−1
are uniformly continuous maps. Moreover, a set H ⊆ Y X is called uniformly equicontinuous if,
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for every entourage E of Y , there exists some entourage F of X such that (f × f)(F ) ⊆ E
whenever f ∈ H. If I is a set, then the uniformity of uniform convergence on XI is defined to
be the least uniformity on XI containing all the sets of the form
{(f, g) ∈ XI ×XI | ∀i ∈ I : (f(i), g(i)) ∈ E} (E entourage of X)
and the corresponding topology of uniform convergence on XI is defined to be the topology
induced by that uniformity. Evidently, there is a natural isomorphism between the resulting
uniform spaces XI×J and (XI)J for any two sets I and J .
Given a pseudo-metric d on a set X, we define
Bd(x, ε) := {y ∈ X | d(x, y) < ε}, Bd[x, ε] := {y ∈ X | d(x, y) 6 ε}
for x ∈ X and ε > 0. A pseudo-metric d on a topological space X is said to be continuous if
Bd(x, ε) is open in X for all x ∈ X and ε > 0, that is, the topology generated by d is contained
in the topology of X. Furthermore, a pseudo-metric d on a uniform space X is called uniformly
continuous if the uniformity generated by d, i.e.,
Ed := {E ⊆ X ×X | ∃ε > 0 ∀x, y ∈ X : d(x, y) < ε =⇒ (x, y) ∈ E},
is contained in the uniformity of X. It was shown by Weil [Wei37] that every uniformity on a set
X is the union of the directed family of uniformities generated by the corresponding uniformly
continuous pseudo-metrics on X.
We continue with some remarks concerning the UEB topology (cf. [Pac13, NPS15, PS17]).
As usual, given a set X, we will denote by `∞(X) the Banach space of all bounded real-valued
functions on X equipped with the supremum norm
‖f‖∞ := sup{|f(x)| | x ∈ X} (f ∈ `∞(X)).
Let X be a uniform space. The set UCb(X) of all bounded uniformly continuous real-valued
functions on X is a closed linear subspace of `∞(X) and thus constitutes a Banach space itself
when endowed with the supremum norm. A subset H ⊆ UCb(X) is called UEB if H is uniformly
equicontinuous and ‖ · ‖∞-bounded. It is not difficult to see that a subset H ⊆ UCb(X) is UEB
if and only if H is ‖ · ‖∞-bounded and there exists ` > 0 along with a uniformly continuous
pseudo-metric d on X such that every member of H is `-Lipschitz continuous for d. The UEB
topology on the continuous dual UCb(X)
′ is defined as the topology of uniform convergence on
UEB subsets of UCb(X). This is a locally convex linear topology on the vector space UCb(X)
′,
which by our remark above coincides with the topology defined by the semi-norms
pd(µ) := sup{|µ(f)| | f : (X, d) → [−1, 1] 1-Lipschitz} (µ ∈ UCb(X)′),
where d runs through all uniformly continuous pseudo-metrics on X. Since the set of uniformly
continuous pseudo-metrics on X is upwards directed with respect to point-wise ordering and we
have pd 6 pd′ for any two uniformly continuous pseudo-metrics d and d′ on X with d 6 d′, it
follows that
{Bpd(µ, ε) | d uniformly continuous pseudo-metric on X, ε > 0}
constitutes a neighborhood basis at any µ ∈ UCb(X)′ with regard to the UEB topology.
Before we continue, let us clarify some notation. Let X be a set. We denote by F (X) the
set of all finite subsets of X. For a function f : X → R, we put spt(f) := {x ∈ X | f(x) 6= 0}.
Consider the real vector space RX := {f ∈ RX | spt(f) finite}. Moreover, let
‖f‖1 :=
∑
x∈X
|f(x)| (f ∈ RX).
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For x ∈ X, define δx ∈ RX by setting δx(x) := 1 and δx(y) := 0 for every y ∈ X with y 6= x. Let
δF := (1/|F |)
∑
x∈F δx for any finite non-empty F ⊆ X. For a ∈ RX and f ∈ RX , let
a(f) :=
∑
x∈X
a(x)f(x).
Now let X be a uniform space again. Then the line above defines a linear map from RX into
the continuous dual UCb(X)
′, which is injective if and only if X is Hausdorff. In any case, it
allows us to pull back the UEB topology and the semi-norms defined above onto RX. In terms
of notation, we will not distinguish between the semi-norms on UCb(X)
′ and the corresponding
ones on RX. As the following proposition reveals, the continuous dual of the locally convex
topological vector space RX may be identified with UCb(X).
Proposition 2.1 (Cf. [Pac13, Lemma 6.5 and Theorem 6.6]). If X is a uniform space, then the
map Φ: UCb(X) → RX ′ given by
Φ(f)(a) := a(f) (f ∈ UCb(X), a ∈ RX)
is an isomorphism of real vector spaces.
Proof. We first check that Φ is well defined. To this end, let f ∈ UCb(X). A standard computation
shows that Φ(f) : RX → R is linear. We need to show that Φ(f) is continuous. Without loss of
generality, we may assume that ‖f‖∞ 6 1. As f is uniformly continuous, we obtain a uniformly
continuous pseudo-metric d on X by setting
d(x, y) := |f(x)− f(y)| (x, y ∈ X).
Let ε > 0. Since f : (X, d) → [−1, 1] is 1-Lipschitz continuous, we have |Φ(f)(a)| = |a(f)| 6 ε for
every a ∈ Bpd [0, ε]. Hence, Φ(f)(Bpd [0, ε]) ⊆ [−ε, ε]. So, Φ is indeed well defined.
Moreover, Φ is obviously a linear map. Clearly, Φ is also injective: if f ∈ UCb(X) and f 6= 0,
then there exists some x ∈X with f(x) 6= 0 and we conclude that Φ(f)(δx) = f(x) 6= 0 and hence
Φ(f) 6= 0. It remains to show that Φ is surjective. For this purpose, consider a continuous linear
functional F : RX → R. Define f : X → R, x 7→ F (δx). Now f is bounded for the following
reason: as F is continuous, there is a uniformly continuous pseudo-metric d on X such that
F (Bpd [0, 1]) is bounded and, since {δx | x ∈ X} ⊆ Bpd [0, 1], it follows that
sup{|f(x)| | x ∈ X} = sup{|F (δx)| | x ∈ X} <∞.
To see that f is uniformly continuous, let ε > 0. By continuity of F , there exists a uniformly
continuous pseudo-metric d on X along with some δ > 0 such that F (Bpd [0, δ]) ⊆ [−ε, ε]. If
x, y ∈ X with d(x, y) 6 δ, then pd(δx − δy) 6 δ and thus
|f(x)− f(y)| = |F (δx)− F (δy)| = |F (δx − δy)| 6 ε.
This shows that f : X → R is uniformly continuous. Finally, we observe that
Φ(f)(a) =
∑
x∈X
a(x)f(x) =
∑
x∈X
a(x)F (δx) = F
(∑
x∈X
a(x)δx
)
= F (a)
for all a ∈ RX. So, Φ is surjective. This completes the proof. 2
The following lemma is frequently useful to pass from positive and normalized elements in
RX to finite subsets of a space X.
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Lemma 2.2. If X is a perfect Hausdorff uniform space, then {δF | F ∈ F (X), F 6= ∅} is dense
in {a ∈ RX | ‖a‖1 = 1, a > 0} with respect to the UEB topology.
Proof. Let a ∈ RX with ‖a‖1 = 1 and a > 0. Put S := spt(a). Furthermore, let ε > 0 and let d be
a uniformly continuous pseudo-metric on X. Since Q is dense in R, there exists b : X → Q such
that spt(b) = S, b > 0, ‖b‖1 = 1, and ‖a− b‖1 6 ε/2. Now let c : X → N and n > 1 be such that
b(x) = c(x)/n for all x ∈ X. Since X is a perfect Hausdorff space, every open non-empty subset
of X is infinite. For any x ∈ X, the continuity of d implies that Bd(x, ε/2) is a neighborhood of
x in X and thus infinite. Hence, there is a map ϕ : S → F (X)\{∅} with:
(1) ϕ(x) ⊆ Bd(x, ε/2) for every x ∈ S;
(2) |ϕ(x)| = c(x) for every x ∈ S;
(3) ϕ(x) ∩ ϕ(y) = ∅ for any two distinct x, y ∈ S.
By (2) and (3), we have |F | = n for F :=
⋃
{ϕ(x) | x ∈ S}. Moreover, if f : (X, d) → [−1, 1] is
1-Lipschitz continuous, then (1) implies that
|(b− δF )(f)| =
1
n
∣∣∣∣∑
x∈S
c(x)f(x)−
∑
x∈S
∑
y∈ϕ(x)
f(y)
∣∣∣∣ 6 1n∑
x∈S
∣∣∣∣c(x)f(x)− ∑
y∈ϕ(x)
f(y)
∣∣∣∣
6
1
n
∑
x∈S
∑
y∈ϕ(x)
|f(x)− f(y)| 6 1
n
∑
x∈S
∑
y∈ϕ(x)
d(x, y) 6
ε
2n
∑
x∈S
c(x) =
ε
2
and therefore
|(a− δF )(f)| 6 |(a− b)(f)|+ |(b− δF )(f)| 6 ‖a− b‖1 + |(b− δF )(f)| 6 ε.
Hence, δF ∈ Bpd [a, ε]. This finishes the proof. 2
3. Amenability and almost invariant vectors
Viewing a topological group G as a uniform space and endowing the convolution algebra RG
with the corresponding UEB topology, one might wonder whether amenability of G can be
characterized in terms of the existence of almost invariant vectors in RG. In this section we
establish such a criterion for amenability of topological groups (Theorem 3.2).
For convenience, let us once again fix some notation. Let G be any group. For g ∈ G, let
λg : G → G, x 7→ gx and ρg : G → G, x 7→ xg−1. As usual, the convolution on RG is given by
ab :=
∑
g,h∈G
a(g)b(h)δgh (a, b ∈ RG).
We note that spt(ab) ⊆ (spt a)(spt b) and ‖ab‖1 = ‖a‖1‖b‖1 for any two a, b ∈ RG. Of course,
G → RG, g 7→ δg constitutes an embedding of G into the multiplicative semigroup of the unital
ring RG. In particular, we have left and right actions of G by linear transformations on RG given
by
ga := δga, ag := aδg (g ∈ G, a ∈ RG).
For a ∈ RG and f ∈ RG, let us also define Raf ∈ RG by
(Raf)(x) := a(f ◦ λx) (x ∈ G),
that is, Raf =
∑
g∈G a(g
−1)(f ◦ ρg). Clearly, Raf ∈ RG if a, f ∈ RG. Furthermore, simple
computations reveal that Rabf = Ra(Rbf) and (ab)(f) = a(Rbf) for all f ∈ RG and a, b ∈ RG.
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Throughout the present paper, unless explicitly stated otherwise, whenever a topological
group G is considered as a uniform space, we will be referring to its right uniformity, i.e.,
Er(G) := {E ⊆ G×G | ∃U ∈ Ue(G) ∀x, y ∈ G : xy−1 ∈ U =⇒ (x, y) ∈ E},
where Ue(G) denotes the neighborhood filter of the neutral element in G. However, to avoid any
possible confusion, we will denote the set of all bounded right-uniformly continuous real-valued
functions on G by RUCb(G). Of course, the topology induced by the right uniformity of a
topological group coincides with its original topology.
As usual, we will call a pseudo-metric d on a group G right invariant (left invariant,
respectively) if d(xg, yg) = d(x, y) (d(gx, gy) = d(x, y), respectively) for all g, x, y ∈ G. Note
that a right-invariant pseudo-metric on a topological group is continuous if and only if it is
uniformly continuous with respect to the right uniformity. Moreover, if G is a topological group
and H is a UEB subset of RUCb(G), then
d(x, y) := sup
g∈G
sup
f∈H
|f(xg)− f(yg)| (x, y ∈ G)
is a right-invariant continuous pseudo-metric on G and clearly f : (G, d) → R is 1-Lipschitz
continuous for every f ∈ H. Since the set of right-invariant continuous pseudo-metrics on G is
upwards directed with respect to point-wise ordering, it follows that
{Bpd(a, ε) | d right-invariant continuous pseudo-metric on G, ε > 0}
constitutes a neighborhood basis at any a ∈ RG with regard to the UEB topology. According
to a recent result by Pachl and Steprāns [PS17], the convolution on RG is jointly continuous
with respect to the UEB topology if and only if G is a SIN group, i.e., its neutral element
admits a neighborhood basis consisting of sets invariant under conjugation. However, convolution
is always separately continuous: for every a ∈ RG, the linear maps RG → RG, b 7→ ab and
RG → RG, b 7→ ba are continuous with regard to the UEB topology. Moreover, if H is any
‖ · ‖1-bounded subset of the positive cone of RG, then {b 7→ ba | a ∈ H} is even uniformly
equicontinuous. This is due to the following elementary fact.
Lemma 3.1. Let d be a right-invariant pseudo-metric on a group G and let f : (G, d) → R be
1-Lipschitz continuous. Then Raf : (G, d) → R is 1-Lipschitz continuous for every a ∈ RG with
‖a‖1 = 1 and a > 0.
Proof. Let a ∈ RG with ‖a‖1 = 1 and a > 0. For all x, y ∈ G,
|Raf(x)−Raf(y)| 6
∑
g∈G
a(g)|f(xg)− f(yg)| 6
∑
g∈G
a(g)d(xg, yg) = d(x, y). 2
Now let us turn our attention towards amenability. Recall that a topological group G is
amenable if RUCb(G) admits a left-invariant mean, i.e., there exists a positive linear map
µ : RUCb(G) → R such that µ(1) = 1 and µ(f ◦ λg) = µ(f) for all f ∈ RUCb(G) and g ∈ G.
According to a well-known result of Rickert [Ric67, Theorem 4.2], a topological group G is
amenable if and only if every continuous action of G by affine homeomorphisms on a non-
void compact convex subset of a locally convex topological vector space admits a fixed point.
Strengthening this condition, a topological group G is said to be extremely amenable if every
continuous action of G on a non-empty compact Hausdorff space has a fixed point.
Our first main result relates amenability of a topological group G to the existence of almost
invariant vectors in the locally convex space RG carrying the UEB topology. It generalizes a
result by Day [Day57] for discrete groups (see also [Nam64]).
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Theorem 3.2. A topological group G is amenable if and only if, for every ε > 0, every finite
subset E ⊆ G, and every right-invariant continuous pseudo-metric d on G, there exists a ∈ RG
with ‖a‖1 = 1 and a > 0 such that
∀g ∈ E : pd(a− ga) 6 ε.
Proof. (=⇒) Our proof proceeds by contradiction. To this end, let us consider the set T := {a ∈
RG | ‖a‖1 = 1, a > 0}. Suppose that there exist ε > 0, a finite subset E ⊆G, and a right-invariant
continuous pseudo-metric d on G such that supg∈E pd(a − ga) > ε for all a ∈ T . Then 0 is
not contained in the closure of the convex subset {(a − ga)g∈E | a ∈ T} in the locally convex
space (RG)E . Applying the separation theorem for locally convex spaces, we conclude that there
exists a continuous linear functional F ∈ ((RG)E)′ such that F ((a − ga)g∈E) > 1 for all a ∈ T .
Since ((RG)E)′ ∼= ((RG)′)E , Proposition 2.1 asserts the existence of fg ∈ RUCb(G) (g ∈ E) such
that
∑
g∈E(a− ga)(fg) > 1 for all a ∈ T . That is,
a
(∑
g∈E
fg − fg ◦ λg
)
=
∑
g∈E
a(fg)− a(fg ◦ λg) =
∑
g∈E
(a− ga)(fg) > 1
for all a ∈ T . Since {δx | x ∈ G} ⊆ T , it follows that
∑
g∈E fg − fg ◦ λg > 1. Now, if µ was a
left-invariant mean on RUCb(G), then µ(
∑
g∈E fg − fg ◦ λg) > 1, but also
µ
(∑
g∈E
fg − fg ◦ λg
)
=
∑
g∈E
µ(fg)− µ(fg ◦ λg) = 0,
which would clearly constitute a contradiction. Hence, G is not amenable.
(⇐=) Consider the set T := {a ∈ RG | ‖a‖1 = 1, a > 0}. Our assumption (together with
the ultrafilter lemma) implies that there exists a set I along with an ultrafilter U on I and a
family (ai)i∈I ∈ T I such that limi→U pd(ai − gai) = 0 for every g ∈ G and every right-invariant
continuous pseudo-metric d on G. Let us define µ : RUCb(G) → R by
µ(f) := lim
i→U
ai(f) (f ∈ RUCb(G)).
It is easy to see that µ is indeed a well-defined mean on RUCb(G). In order to prove that µ
is also left invariant, let f ∈ RUCb(G). Without loss of generality, we assume that ‖f‖∞ 6 1.
Consider the right-invariant continuous pseudo-metric d on G given by
d(x, y) := sup
g∈G
|f(xg)− f(yg)| (x, y ∈ G).
As f : (G, d) → [−1, 1] is 1-Lipschitz continuous, we conclude that
|µ(f)− µ(f ◦ λg)| = lim
i→U
|(ai − gai)(f)| 6 lim
i→U
pd(ai − gai) = 0
for every g ∈ G. This completes the proof. 2
In the following theorem we collect some variations of Theorem 3.2, which may be of
rather technical nature, but will turn out useful later on in § 4. The most interesting bit about
Theorem 3.3 is the equivalence of (2) and (3). Let us point out that the difference between the
amenability criterion given in Theorem 3.2 on the one hand and Theorem 3.3(2) below on
the other consists in the fact that the Lipschitz functions considered in the latter are only
allowed to take values in [0, 1].
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Theorem 3.3. Let G be a topological group. The following are equivalent.
(1) G is amenable.
(2) For every ε > 0, every finite subset E ⊆ G, and every right-invariant continuous pseudo-
metric d on G, there exists a ∈ RG with ‖a‖1 = 1 and a > 0 such that
∀g ∈ E ∀f : (G, d) → [0, 1] 1-Lipschitz : |a(f)− (ga)(f)| 6 ε.
(3) There exists ε ∈ (0, 1) such that, for every finite subset E ⊆ G and every right-invariant
continuous pseudo-metric d on G, there exists a ∈ RG with ‖a‖1 = 1 and a > 0 such that
∀g ∈ E ∀f : (G, d) → [0, 1] 1-Lipschitz : |a(f)− (ga)(f)| 6 ε.
(4) There exists ε ∈ (0, 1) such that, for every finite subset E ⊆ G and every right-invariant
continuous pseudo-metric d on G, there exists a ∈ RG with ‖a‖1 = 1 and a > 0 such that
∀g ∈ E : pd(a− ga) 6 ε.
Proof. (1)=⇒(4). This is an immediate consequence of Theorem 3.2.
(4)=⇒(3). This is obvious.
(2)=⇒(1). We are going to utilize Theorem 3.2. To this end, let ε > 0, let E be a finite subset
of G, and let d be a right-invariant continuous pseudo-metric on G. By assumption, there exists
a ∈ RG with ‖a‖1 = 1 and a > 0 such that
∀g ∈ E ∀f : (G, d) → [0, 1] 1-Lipschitz : |a(f)− (ga)(f)| 6 ε
2
.
We argue that pd(a − ga) 6 ε for all g ∈ E. Let f : (G, d) → [−1, 1] be 1-Lipschitz continuous.
Consider the two 1-Lipschitz functions f+, f− : (G, d) → [0, 1] given by f+(x) := f(x) ∨ 0 and
f−(x) := −(f(x) ∧ 0) for x ∈ G. It follows that
|a(f)− (ga)(f)| 6 |a(f+)− (ga)(f+)|+ |a(f−)− (ga)(f−)| 6 ε
for every g ∈ E, which completes the argument.
(3)=⇒(2). Suppose that (3) holds for some ε ∈ (0, 1). Let us first prove the following.
Claim 1. For every finite subset E ⊆ G and every right-invariant continuous pseudo-metric d
on G, there exists a ∈ RG with ‖a‖1 = 1 and a > 0 such that
∀g, h ∈ E ∀f : (G, d) → [0, 1] 1-Lipschitz : |(ga)(f)− (ha)(f)| 6 ε.
Proof of Claim 1. Let E be a finite subset of G and let d be a right-invariant continuous pseudo-
metric on G. Consider the right-invariant continuous pseudo-metric d′ on G defined by d′(x, y) :=
supg∈E d(gx, gy) for x, y ∈ G. Due to (3), there exists a ∈ RG with ‖a‖1 = 1 and a > 0 such that
∀g ∈ E−1E ∀f : (G, d′) → [0, 1] 1-Lipschitz : |a(f)− (ga)(f)| 6 ε.
Now, if g, h ∈ E and f : (G, d) → [0, 1] is 1-Lipschitz continuous, then f ◦ λg : (G, d′) → [0, 1] is
1-Lipschitz continuous and hence
|(ga)(f)− (ha)(f)| = |a(f ◦ λg)− (g−1ha)(f ◦ λg)| 6 ε. 2
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On Følner sets in topological groups
Now we may prove (2). Consider ε′ > 0, a finite subset E ⊆ G, and a right-invariant
continuous pseudo-metric d on G. Without loss of generality, assume that e ∈ E. Then there
exists some n > 1 such that εn 6 ε′. Let di := εi+1−nd for i ∈ {0, . . . , n − 1}. Due to Claim 1,
there exists a0 ∈ RG with ‖a0‖1 = 1 and a0 > 0 such that
∀g, h ∈ E0 := E ∀f : (G, d0) → [0, 1] 1-Lipschitz : |(ga0)(f)− (ha0)(f)| 6 ε.
Recursively, for each i ∈ {1, . . . , n− 1}, we define Ei := Ei−1 ∪Ei−1(spt ai−1) and we may apply
Claim 1 to choose an element ai ∈ RG with ‖ai‖1 = 1 and ai > 0 such that
∀g, h ∈ Ei ∀f : (G, di) → [0, 1] 1-Lipschitz : |(gai)(f)− (hai)(f)| 6 ε.
Let b := a0 · · · an−1. Of course, ‖b‖1 = 1 and b > 0. We show that |(gb)(f) − (hb)(f)| 6 ε′ for
every 1-Lipschitz continuous function f : (G, d) → [0, 1] and all g, h ∈ E. Consider any 1-Lipschitz
continuous function f : (G, d) → [0, 1]. Then Lemma 3.1 asserts the following: for each i ∈ {0, . . . ,
n− 2}, we obtain two 1-Lipschitz continuous functions fi : (G, di) → R and f∗i : (G, di) → [0, 1]
by setting
fi(g) := ε
i+1−n
(
(Rai+1···an−1f)(g)− min
h∈Ei+1
(Rai+1···an−1f)(h)
)
(g ∈ G),
f∗i (g) := (fi(g) ∧ 1) ∨ 0 (g ∈ G).
Claim 2. fi|Ei+1 = f∗i |Ei+1 for every i ∈ {0, . . . , n− 2}.
Proof of Claim 2. Our proof will proceed by downward induction starting at i = n − 2. Since
dn−1 = d, our choice of an−1 readily implies that
0 6 (Ran−1f)(g)− min
h∈En−1
(Ran−1f)(h) = max
h∈En−1
(gan−1)(f)− (han−1)(f) 6 ε
for all g ∈ En−1, which means that fn−2(En−1) ⊆ [0, 1] and therefore fn−2|En−1 = f∗n−2|En−1 . For
the inductive step, let us assume that fi+1|Ei+2 = f∗i+1|Ei+2 for some i ∈ {0, . . . , n − 3}. Since
Ei+1(spt ai+1) ⊆ Ei+2, this implies that (gai+1)(fi+1) = (gai+1)(f∗i+1) for all g ∈ Ei+1. By our
choice of ai+1, it follows that
0 6 Rai+1···an−1f(g)− min
h∈Ei+1
Rai+1···an−1f(h)
= max
h∈Ei+1
(gai+1)(Rai+2···an−1f)− (hai+1)(Rai+2···an−1f)
= εn−i−2
(
max
h∈Ei+1
(gai+1)(fi+1)− (hai+1)(fi+1)
)
= εn−i−2
(
max
h∈Ei+1
(gai+1)(f
∗
i+1)− (hai+1)(f∗i+1)
)
6 εn−i−1
whenever g ∈ Ei+1. Hence, fi(Ei+1) ⊆ [0, 1] and therefore fi|Ei+1 = f∗i |Ei+1 . This completes our
induction and thus proves Claim 2. 2
In particular, f0|E1 = f∗0 |E1 . As E0(spt a0) ⊆ E1, we conclude that (ga0)(f0) = (ga0)(f∗0 )
whenever g ∈ E0 = E. Hence, our choice of a0 now implies that
|(gb)(f)− (hb)(f)| = |(ga0)(Ra1···an−1f)− (ha0)(Ra1···an−1f)|
= εn−1|(ga0)(f0)− (ha0)(f0)| = εn−1|(ga0)(f∗0 )− (ha0)(f∗0 )| 6 εn 6 ε′
for all g, h ∈ E and we are done. 2
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4. Følner conditions for topological groups
Our next objective is to establish a topological version of the following well-known amenability
criterion for discrete groups due to Følner [Føl55]. The reader is referred to [Nam64] for a very
short and lucid proof of Følner’s theorem.
Theorem 4.1 [Føl55]. A group G is amenable if and only if, for every θ ∈ (0, 1) and every finite
subset E ⊆ G, there exists a finite non-empty subset F ⊆ G such that
∀g ∈ E : |F ∩ gF | > θ|F |.
Our topological version of Følner’s theorem will be in terms of matchings with respect to
identity neighborhoods in topological groups (Theorem 4.5) and its proof will rely on the results
of § 3 as well as a quantitative version of Hall’s marriage theorem (Theorem 4.2).
For a start, let us clarify some terminology and notation. Let B = (X,Y,R) be a bipartite
graph,1 i.e., a triple consisting of two finite sets X and Y and a relation R ⊆ X × Y . If S ⊆ X,
then we define NB(S) := {y ∈ Y | ∃x ∈ S : (x, y) ∈ R}. A matching in B is an injective map
ϕ : D → Y such that D ⊆ X and (x, ϕ(x)) ∈ R for all x ∈ D. A matching ϕ in B is said to be
perfect if dom(ϕ) = X. Furthermore, the matching number of B is defined to be
µ(B) := sup{|domϕ| | ϕ matching in B}.
For convenience, we restate Hall’s well-known matching theorem.
Theorem 4.2 [Hal35, Ore55]. If B = (X,Y,R) is a bipartite graph, then
µ(B) = |X| − sup{|S| − |NB(S)| | S ⊆ X}.
Corollary 4.3 [Hal35]. A bipartite graph B = (X,Y,R) admits a perfect matching if and only
if |S| 6 |NB(S)| for every subset S ⊆ X.
In what follows, we will have a closer look at certain matchings in topological groups.
Definition 4.4. Let G be a topological group, E,F ∈ F (G), and U ∈ Ue(G). We define the
bipartite graph B(E,F, U) := (E,F,R(E,F, U)) with the relation given by
R(E,F, U) := {(x, y) ∈ E × F | yx−1 ∈ U}.
Furthermore, we abbreviate µ(E,F, U) := µ(B(E,F, U)).
Clearly, if E and F are finite subsets of a topological group G, then
µ(E,F, U) 6 µ(E,F, V )
for any pair of identity neighborhoods U, V ∈ Ue(G) with U ⊆ V . Moreover, if G is a discrete
group, then µ(E,F, {e}) = |E ∩ F | for any two finite subsets E,F ⊆ G. Hence, the following
theorem may be regarded as a topological version of Følner’s amenability criterion.
Theorem 4.5. Let G be a Hausdorff topological group. The following are equivalent.
(1) G is amenable.
(2) For every θ ∈ (0, 1), every finite subset E ⊆ G, and every U ∈ Ue(G), there exists a finite
non-empty subset F ⊆ G such that
∀g ∈ E : µ(F, gF, U) > θ|F |.
1 Note that we do not require the sets X and Y to be disjoint. This notion of bipartite graph may be not quite
standard, but is consistent with [Ore55].
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On Følner sets in topological groups
(3) There exists θ ∈ (0, 1) such that, for every finite subset E ⊆ G and every U ∈ Ue(G), there
exists a finite non-empty subset F ⊆ G such that
∀g ∈ E : µ(F, gF, U) > θ|F |.
Proof. (2)=⇒(3). This is obvious.
(1)=⇒(2). Since the discrete case is covered by Theorem 4.1 already, we will insist on G
being non-discrete. Let θ ∈ (0, 1), E ∈F (G), and U ∈ Ue(G). Without loss of generality, we may
assume that e ∈ E. Due to Urysohn’s lemma for uniform spaces, there exists a right-uniformly
continuous function f : G → [0, 1] such that spt(f) ⊆ U and f(e) = 1. Consider the continuous
right-invariant pseudo-metrics d and d′ on G given by
d(x, y) := sup
g∈G
|f(xg)− f(yg)|, d′(x, y) := sup
g∈E
d(gx, gy) (x, y ∈ G).
By Theorem 3.2, there is a ∈ RG with ‖a‖1 = 1, a > 0, and pd(a− ga) 6 (1− θ)/3 for all g ∈ E.
Since G is not discrete, it constitutes a perfect Hausdorff space. Due to Lemma 2.2, there thus
exists a finite non-empty subset F ⊆ G such that pd′(a− δF ) 6 (1− θ)/3. It follows that
pd(δF − δgF ) 6 pd(δF − a) + pd(a− ga) + pd(ga− gδF ) 6 pd(a− ga) + 2pd′(a− δF ) 6 1− θ
for all g ∈ E. We show that µ(F, gF, U) > θ|F | for every g ∈ E. So, let g ∈ E and consider the
bipartite graph B := B(F, gF, U). Let S ⊆ F . Since d is right invariant, f ◦ ρh : (G, d) → [0, 1]
is 1-Lipschitz continuous for every h ∈ G. Hence, the function fS : (G, d) → [0, 1] given by
fS(x) :=
∨
y∈S
f(xy−1) (x ∈ G)
is 1-Lipschitz continuous, too. Therefore, |δF (fS) − δgF (fS)| 6 1 − θ. Also note that fS |S = 1.
As spt(f) ⊆ U , it now follows that
|S| 6 |F |δF (fS) 6 (1− θ)|F |+ |F |δgF (fS) = (1− θ)|F |+
∑
x∈gF
fS(x)
= (1− θ)|F |+
∑
x∈NB(S)
fS(x) 6 (1− θ)|F |+ |NB(S)|,
that is, |S| − |NB(S)| 6 (1− θ)|F |. Applying Theorem 4.2, we arrive at
µ(F, gF, U)
|F |
=
|F | − supS⊆F (|S| − |NB(S)|)
|F |
>
|F | − (1− θ)|F |
|F |
= θ.
(3)=⇒(1). We are going to prove that if (2) holds for some θ ∈ (0, 1), then the third condition
of Theorem 3.3 is satisfied for ε := 1− θ/2. Consider a finite subset E ⊆ G and a right-invariant
continuous pseudo-metric d on G. Then U := {x ∈ G | d(x, e) 6 12} is an identity neighborhood
in G. According to (2), there exists a finite non-empty subset F ⊆ G such that µ(F, gF, U) > θ|F |
for all g ∈ E. We show that pd(δF −gδF ) 6 ε for every g ∈ E. To this end, let g ∈ E and consider
an injective map ϕ : D → gF with D ⊆ F , |D| = µ(F, gF, U), and ϕ(x) ∈ Ux for all x ∈ D. Let
ϕ̄ : F → gF be any bijection with ϕ̄|D = ϕ. Now, if f : (G, d) → [0, 1] is 1-Lipschitz continuous,
then
|δF (f)− (gδF )(f)| =
1
|F |
∣∣∣∣∑
x∈F
f(x)−
∑
x∈F
f(gx)
∣∣∣∣
=
1
|F |
∣∣∣∣∑
x∈D
(f(x)− f(ϕ̄(x))) +
∑
x∈F\D
(f(x)− f(ϕ̄(x)))
∣∣∣∣
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6
1
|F |
∑
x∈D
|f(x)− f(ϕ(x))|+ 1
|F |
∑
x∈F\D
|f(x)− f(ϕ̄(x))|
6
|D|
2|F |
+
|F | − |D|
|F |
6 1− θ
2
= ε. 2
Remark 4.6. Let G be a Hausdorff topological group. According to Theorem 4.5, G is amenable
if and only if there exists a family of finite non-empty subsets (Fi)i∈I of G along with a (non-
principal) ultrafilter U on I such that
∀g ∈ G∀U ∈ Ue(G) : lim
i→U
µ(Fi, gFi, U)
|Fi|
= 1,
which by the estimate in the proof of the implication (3)=⇒(1) of Theorem 4.5 implies that
∀g ∈ G∀f ∈ RUCb(G) : lim
i→U
δFi(f − f ◦ λg) = 0,
which in turn implies amenability of G by the argument used to prove the implication (⇐=) of
Theorem 3.2. This provides us with another (a priori weaker) characterization of amenability,
which had been observed in [ST17] already.
Let us mention the following rather direct consequence of Theorem 4.5 concerning matchings
with respect to pairs of translates.
Corollary 4.7. A Hausdorff topological group G is amenable if and only if, for every θ ∈ (0, 1),
every finite subset E ⊆ G, and every U ∈ Ue(G), there exists a finite non-empty subset F ⊆ G
such that
∀g, h ∈ E : µ(gF, hF, U) > θ|F |.
Proof. (⇐=) This is due to Theorem 4.5.
(=⇒) Assume that G is amenable. Let θ ∈ (0, 1), U ∈ Ue(G), and consider a finite subset
E ⊆ G. Then V :=
⋂
g∈E g
−1Ug is an identity neighborhood in G, too. Hence, Theorem 4.5
asserts the existence of a finite non-empty subset F ⊆ G such that µ(F, gF, V ) > θ|F | for all
g ∈ E−1E. We prove that µ(gF, hF, U) > θ|F | for all g, h ∈ E. To this end, let g, h ∈ E. Consider
an injective map ϕ : D → g−1hF such that D ⊆ F , |D| = µ(F, g−1hF, V ), and ϕ(x) ∈ V x for all
x ∈ D. Define D′ := gD. Clearly,
ψ : D′ → hF, x 7→ gϕ(g−1x)
is injective and ψ(x) = gϕ(g−1x) ∈ gV g−1x ⊆ Ux for every x ∈ D′. Hence,
µ(gF, hF, U) > |D′| = |D| = µ(F, g−1hF, V ) > θ|F |. 2
We conclude this section with a first application of Theorem 4.5. It was asked in [BMP17]
to what extent amenability of topological groups can be characterized by the existence of
approximate fixed points – or, equivalently, almost invariant vectors – for their affine continuous
actions on bounded (but not necessarily compact) convex subsets of locally convex spaces.
An action of a group G by affine homeomorphisms on a convex subset C of some topological
vector space is said to have approximate fixed points [BMP17] if there is a net (xι)ι∈I in C
such that xι − gxι → 0 for every g ∈ G. We resolve the question raised in [BMP17] as follows,
where an action of a topological group G by isomorphisms on a uniform space X will be called
bounded [Pes06] if, for every entourage α of X, there exists U ∈ Ue(G) such that
∀g ∈ U ∀x ∈ X : (x, gx) ∈ α.
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Corollary 4.8. Let G be a Hausdorff topological group. The following are equivalent.
(1) G is amenable.
(2) Every bounded action of G by affine homeomorphisms on a bounded convex subset of a
locally convex space has approximate fixed points.
Proof. The implication from (2) to (1) is an immediate consequence of Rickert’s fixed point
theorem [Ric67, Theorem 4.2] and the fact that continuous actions of topological groups on
compact spaces are bounded. To prove the converse, consider any bounded action of G by affine
homeomorphisms on a bounded convex subset C of a locally convex space X. Fix some x ∈ C.
By Theorem 4.5, there is a net (Fι)ι∈I of finite non-empty subsets of G such that
∀g ∈ G∀U ∈ Ue(G) :
µ(Fι, gFι, U)
|Fι|
→ 1.
For each ι ∈ I, let us consider
xι :=
1
|Fι|
∑
h∈Fι
hx ∈ C.
We claim that xι − gxι → 0 for every g ∈ G. To see this, let g ∈ G and let N be a zero
neighborhood in X. Since X is locally convex, there is a balanced, convex zero neighborhood V
in X such that V +V ⊆ N . As C is bounded, there exists α ∈ K such that C−C ⊆ αV . Since G
acts on C in a bounded manner, we can find some U ∈ Ue(G) so that hx ∈ V + x for all x ∈ C
and h ∈ U . By our hypothesis about (Fι)ι∈I , there exists ι0 ∈ I such that
∀ι ∈ I, ι > ι0 :
µ(Fι, gFι, U)
|Fι|
> 1− |α|−1.
We show that xι − gxι ∈ V for all ι ∈ I with ι > ι0. So, let ι ∈ I, ι > ι0. Due to the above,
there exists a subset Dι ⊆ Fι along with a bijection ϕι : Fι → gFι such that ϕι(h) ∈ Uh for each
h ∈ Dι and moreover
|Dι|
|Fι|
> 1− |α|−1, i.e., |Fι\Dι|
|Fι|
|α| 6 1.
It follows that
xι − gxι =
1
|Fι|
(∑
h∈Fι
hx−
∑
h∈Fι
ghx
)
=
1
|Fι|
(∑
h∈Dι
hx− ϕι(h)x+
∑
h∈Fι\Dι
hx− ϕι(h)x
)
=
|Dι|
|Fι|
(
1
|Dι|
∑
h∈Dι
hx− ϕι(h)x
)
+
|Fι\Dι|
|Fι|
(
1
|Fι\Dι|
∑
h∈Fι\Dι
hx− ϕι(h)x
)
∈ |Dι|
|Fι|
V +
|Fι\Dι|
|Fι|
(C − C) ⊆ V + |Fι\Dι|
|Fι|
αV ⊆ V + V ⊆ N,
which completes the argument. 2
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5. Perturbed translations and the topological von Neumann problem
In this section we give an application of the results obtained in § 4: we prove that a topological
group is amenable if and only if its left-translation action is uniformly approximable by amenable
actions (Theorem 5.3). This result in turn yields a characterization of non-amenability in terms
of paradoxical decompositions (Remark 5.4), provides a topological solution to the von Neumann
problem (Corollary 5.11), and even allows for measurable variations concerning Polish groups
(Corollaries 5.16 and 5.17).
We start off by clarifying some terminology. We say that an action (G,X) of a group G on
a non-empty set X is amenable if `∞(X) admits a G-invariant mean, i.e., there is a positive
linear map µ : `∞(X) → R with µ(1) = 1 and µ(f ◦ g) = µ(f) for all f ∈ `∞(X) and g ∈ G.
By Tarski’s alternative (cf. [CSGH99]), a group action (G,X) is non-amenable if and only if
X admits a G-paradoxical decomposition, that is, there exist g1, . . . , gm, h1, . . . , hn ∈ G and
partitions X =
⋃
· mi=1Ai =
⋃
· nj=1Bj such that X =
⋃
· mi=1 giAi ∪·
⋃
· nj=1 hjBj . Furthermore, Følner’s
classical amenability criterion [Føl55] generalizes to group actions as follows.
Theorem 5.1 (Rosenblatt [Ros73]). A group action (G,X) is amenable if and only if, for every
θ > 1 and every finite subset E ⊆ G, there exists a finite non-empty subset F ⊆ X such that
|EF | 6 θ|F |.
Remark 5.2. Let G be a group. If S ⊆ G generates G, then Theorem 5.1 (together with an
obvious estimate) asserts the following: an action of G on a set X is amenable if and only if, for
every θ > 1 and every finite subset E ⊆ S, there exists a finite non-empty subset F ⊆ X such
that |EF | 6 θ|F |.
For convenience, let us also introduce some very few bits of additional notation. Let I and
X be sets. For a mapping α : I → Sym(X), we will denote by Γ(α) the subgroup of Sym(X)
generated by the subset {α(i) | i ∈ I}. Given a family of maps αj : I → Sym(X) (j ∈ J), we
define
⊕
j∈J αj : I → Sym(X × J) by setting(⊕
j∈J
αj
)
(i)(x, j) := (αj(i)(x), j) (i ∈ I, j ∈ J, x ∈ X).
Now we turn towards topological groups and their perturbed left translations. Let G be a
topological group. We will consider the induced topology of uniform convergence on Sym(G)G
viewed as a subspace of (GG)G ∼= GG×G, where G is carrying its right uniformity. It is not difficult
to see that the sets of the form
Nα(U) := {β ∈ Sym(G)G | ∀g, h ∈ G : β(g)(h) ∈ Uα(g)(h)} (U ∈ Ue(G))
constitute a neighborhood basis at any α ∈ Sym(G)G with respect to the considered topology.
Being particularly interested in the map λ : G → Sym(G), g 7→ λg, we let NG(U) := Nλ(U) for
every U ∈ Ue(G). Let U ∈ Ue(G). Given α ∈ NG(U), the group Γ(α) may be viewed as an
approximation of G up to the neighborhood U . Extending this idea, one may think of
ΓU (G) := Γ
( ⊕
α∈NG(U)
α
)
6 Sym(G×NG(U))
as the U -perturbation of G. And, indeed, as the following result reveals, those approximations
do reflect the amenability of G in a fairly natural manner.
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Theorem 5.3. Let G be a Hausdorff topological group. The following are equivalent.
(1) G is amenable.
(2) For every U ∈Ue(G), there exists α ∈NG(U) such that the action of Γ(α) on G is amenable.
(3) For every U ∈ Ue(G), the action of ΓU (G) on G×NG(U) is amenable.
Our Theorem 5.3 establishes a link between amenability of topological groups and
amenability of group actions on sets: the equivalence of (1) and (2) means that a topological
group G is amenable if and only if the action of G on itself by left translations can be uniformly
approximated by amenable actions on the set G. Evidently, condition (3) is a priori weaker
than (2) and therefore ¬(3) provides a comparably strong manifestation of non-amenability, as
we are going to illustrate by the subsequent remark. Let us agree on the following notation: for
a set X, let FX denote the free group over the base set X and, for a map ϕ : X → G into a
group G, denote by ϕ∗ : FX → G the unique homomorphism with ϕ
∗|X = ϕ.
Remark 5.4. Let G be a non-amenable Hausdorff topological group. Appealing to condition (3)
in Theorem 5.3, we can find U ∈ Ue(G) such that G × NU (G) admits a ΓU (G)-paradoxical
decomposition, i.e., there exist g1, . . . , gm, h1, . . . , hn ∈ FG such that, for every α ∈NG(U), there
exist partitions G =
⋃
· mi=1Ai =
⋃
· nj=1Bj with
G =
m⋃
·
i=1
α∗(gi)(Ai) ∪·
n⋃
·
j=1
α∗(hj)(Bj).
This is a uniform version of the statement that G admits a Γ(α)-paradoxical decomposition for
every α ∈NG(U), which would be the negation of condition (2) in Theorem 5.3. It seems natural
to study the associated Tarski numbers (cf. [CSGH99]), i.e., the minimal numbers of pieces in
the occurring paradoxical decompositions. Considering for each U ∈ Ue(G) the Tarski number
τU (G) of the ΓU (G)-action on G ×NG(U), one may define the topological Tarski number of G
to be τtop(G) := inf{τU (G) | U ∈ Ue(G)}. Clearly, τU (G) 6 τV (G) for any two U, V ∈ Ue(G)
with U ⊆ V . Furthermore, the topological Tarski number of a non-amenable topological group is
bounded from below by the Tarski number of the underlying (necessarily non-amenable) discrete
group. Of course, the two quantities coincide for discrete non-amenable groups.
Let us briefly outline the proof of Theorem 5.3. Whereas the equivalence of (1) and (3) can
be deduced merely from our Theorem 4.5 and (3) is an immediate consequence of (2), the fact
that (1) implies (2) requires a slightly more complicated argument involving transfinite induction
along with Lemma 5.6 below. Our proof of Lemma 5.6 will appeal to Theorem 4.5 as well as the
following useful observation.
Lemma 5.5. Let G be a non-discrete Hausdorff topological group. If U is an identity
neighborhood in G and E,F ∈ F (G), then there exists an injective map ϕ : F → G such
that ϕ(x) ∈ Ux for every x ∈ F and ϕ(F ) ∩ gϕ(F ) = ∅ for every g ∈ E\{e}.
Proof. Denote by Z the set of all pairs (D,ϕ) consisting of a subset D ⊆ F and an injective
map ϕ : D → G such that ϕ(x) ∈ Ux for all x ∈ D and ϕ(D) ∩ gϕ(D) = ∅ for every g ∈ E\{e}.
Let (D,ϕ) ∈ Z be such that |D| = sup{|D′| | (D′, ψ) ∈ Z }. We claim that |D| = |F |. For
contraposition, assume that |D| < |F |. Then there exists x ∈ F\D. Since G is a perfect Hausdorff
space, every open non-empty subset of G is infinite. Consequently, there exists some
y ∈ Ux
∖(
ϕ(D) ∪
⋃
g∈E
gϕ(D) ∪ g−1ϕ(D)
)
.
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We define D′ := D ∪ {x} and ψ : D′ → F such that ψ|D = ϕ and ψ(x) = y. We observe that
(D′, ψ) is a member of Z . Since |D| < |D′|, this clearly contradicts our hypothesis. Hence,
|D| = |F |. This finishes the proof. 2
Lemma 5.6. A non-discrete Hausdorff topological groupG is amenable if and only if the following
holds: for every θ ∈ (0, 1), every finite subset E ⊆ G, and every U ∈ Ue(G), there exist finite
non-empty subsets D ⊆ F ⊆ G and injections ϕg : D → gF (g ∈ E) such that:
(1) |D| > θ|F |;
(2) F ∩ gF = ∅ for every g ∈ E\{e};
(3) ϕg(x) ∈ Ux for all g ∈ E and x ∈ D.
Proof. (⇐=) This is an immediate consequence of Theorem 4.5.
(=⇒) Let θ ∈ (0, 1), E ⊆ F (G), and U ∈ Ue(G). Without loss of generality, suppose that
e ∈ E = E−1. Choose V ∈ Ue(G) with V −1 = V and V 3 ⊆ U and let W :=
⋂
g∈E g
−1V g. By
Theorem 4.5, there exists a finite non-empty subset F0 ⊆ G such that
∀g ∈ E : µ(F0, gF0, V ) >
(
1− 1− θ
|E|
)
|F0|.
By Lemma 5.5, there is an injection α : F0 → G with α(x) ∈Wx for all x ∈ F0. For each g ∈ E,
choose a subset Dg ⊆ F0 and an injection ψg : Dg → gF0 such that |Dg| = µ(F0, gF0, V ) and
ψg(x) ∈ V x for all x ∈ Dg. Define F := α(F0) and D :=
⋂
g∈E α(Dg). Clearly, F ∩ gF = ∅ for
every g ∈ E\{e}. Furthermore, note that
|D| = |F | − |F\D| = |F0| −
∣∣∣∣⋃
g∈E
α(F0\Dg)
∣∣∣∣ > |F0| −∑
g∈E
|F0\Dg|
> |F0| − |E|
(
|F0| −
(
1− 1− θ
|E|
)
|F0|
)
= θ|F0| = θ|F |.
Finally, for each g ∈ E, we consider the injection ϕg : D → gF given by
ϕg(x) := gα(g
−1ψg(α
−1(x))) (x ∈ D)
and we observe that
ϕg(x) ∈ gWg−1ψg(α−1(x)) ⊆ V ψg(α−1(x)) ⊆ V 2α−1(x) ⊆ V 3x ⊆ Ux
for all x ∈ D. This completes the argument. 2
Now everything is in place for the proof of Theorem 5.3.
Proof of Theorem 5.3. Note that the discrete case is trivial, which is why we will assume that
G is not discrete.
(1)=⇒(2). Due to being a non-discrete Hausdorff space, G is infinite. Thus, |I| = |G| for
I := {(E,n) ∈ F (G) × (N\{0}) | e ∈ E}. Denote by κ the cardinality of I, i.e., the least
ordinal equinumerous to I. Fix a bijection κ → I, ω 7→ (Eω, nω). Let U ∈ Ue(G). Without loss
of generality, we assume that U−1 = U . By transfinite recursion, we will construct a family
(Fω, Dω, (ϕω.g)g∈Eω\{e})ω<κ such that the following hold:
(i) Dω ⊆ Fω ∈ F (G)\{∅} and |Dω| > (1− 1/nω)|Fω| for all ω < κ;
(ii) Fω ∩ gFω = ∅ for all ω < κ and g ∈ Eω\{e};
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(iii) ϕω,g : Dω → gFω is an injection for all ω < κ and g ∈ Eω\{e};
(iv) ϕω,g(x) ∈ Ux for all ω < κ, g ∈ Eω\{e}, and x ∈ Dω;
(v) EωFω ∩ Eω′Fω′ = ∅ for any two ω, ω′ < κ with ω 6= ω′.
For the recursive step, let ω < κ and suppose that (Fσ, Dσ, (ϕσ,g)g∈Eσ\{e})σ<ω has been
constructed. Thanks to Lemma 5.6, there exist finite non-empty subsets D ⊆ F ⊆ G and
injections ϕg : D → gF (g ∈ Eω\{e}) with:
• |D| > (1− 1/nω)|F |;
• F ∩ gF = ∅ for every g ∈ Eω\{e};
• ϕg(x) ∈ Ux for all g ∈ Eω\{e} and x ∈ D.
Let B :=
⋃
{EσFσ | σ < ω}. We notice that either ω is finite and thus (EωF )−1B is finite as well,
or ω is infinite and then |(EωF )−1B| = |ω| < κ = |G|. Since G is infinite, either way we have
|(EωF )−1B|< |G|. Therefore, (EωF )−1B 6=G. Consequently, we may choose z ∈G\((EωF )−1B).
Clearly, EωFz ∩B = ∅. Define Fω := Fz, Dω := Dz, and
ϕω,g : Dω → gFω, x 7→ ϕg(xz−1)z
for g ∈ Eω\{e}. Let us remark that, if σ 6 ω, then either σ < ω and thus ϕσ,g(x) ∈ Ux for all
g ∈ Eσ\{e} and x ∈ Dσ, or σ = ω and then
ϕσ,g(x) = ϕω,g(x) = ϕg(xz
−1)z ∈ Uxz−1z = Ux
for all g ∈ Eσ\{e} and x ∈ Dσ. It follows by transfinite induction that any thus constructed
family (Fω, Dω, (ϕω.g)g∈Eω\{e})ω<κ will satisfy the conditions (i)–(v) listed above.
Finally, let us define a map ψ : G → Sym(G) by setting ψ(e) := idG and
ψ(g)(x) :=

ϕω,g(x) if g ∈ Eω and x ∈ Dω for some ω < κ,
ϕ−1ω,g(x) if g ∈ Eω and x ∈ ϕω,g(Dω) for some ω < κ,
x otherwise,
for g, x ∈ G, g 6= e. We note that ψ is well defined due to clauses (i)–(iii) and (v) above. Moreover,
{ψ(g)(x)x−1 | g, x ∈ G} ⊆ U by clause (iv) and symmetry of U . Hence,
α : G → Sym(G), g 7→ ψ(g) ◦ λg
is a member of NG(U). We are left to prove that the action of Γ(α) on G is amenable. To this
end, we will verify the amenability criterion in Remark 5.2 with respect to the generating set
S := {α(g) | g ∈ G}. Let θ > 1 and consider a finite subset E′ ⊆ S. Take a finite subset E ⊆ G
with e ∈ E and E′ ⊆ {α(g) | g ∈ E}. Choose n ∈ N\{0} such that 1 + |E|/n 6 θ. Let ω < κ with
(E,n) = (Eω, nω). Then
E′Fω ⊆
⋃
{α(g)(Fω) | g ∈ E} ⊆ Fω ∪
⋃
{(gFω)\ϕω,g(Dω) | g ∈ E\{e}}
and hence
|E′Fω| 6 |Fω|+ |E|(|Fω| − |Dω|) 6
(
1 +
|E|
n
)
|Fω| 6 θ|Fω|
by clauses (i) and (iii) above. Thus, the action is amenable by Theorem 5.1.
(2)=⇒(3). Let U ∈ Ue(G). Take any α ∈ NG(U) and consider the associated injection
fα : G → G×NG(U), x 7→ (x, α).
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Evidently, fα(G) = G × {α} is Γ(α)-invariant and h : ΓU (G) → Γ(α), γ 7→ f−1α ◦ γ ◦ fα is a
well-defined homomorphism satisfying fα ◦ h(γ) = γ ◦ fα for every γ ∈ ΓU (G). Therefore, if
the action of Γ(α) on G is amenable, then so is the action of ΓU (G) on fα(G) and hence on
G×NG(U). This proves the desired implication.
(3)=⇒(1). We are going to utilize Theorem 4.5. To this end, let θ ∈ (0, 1), U ∈ Ue(G), and
E ∈ F (G). By assumption, ΓU (G) acts amenably on G ×NG(U). According to Theorem 5.1,
there thus exists a finite non-empty subset F ′ ⊆ G × NG(U) such that |E′F ′| 6 (2 − θ)|F ′|
for E′ := {(
⊕
α∈NG(U)α)(g) | g ∈ E}. It follows that there exists some α ∈ NG(U) such that
F := f−1α (F
′) is non-empty and |E′′F | 6 (2−θ)|F | for E′′ := {α(g) | g ∈ E}. Let g ∈ E. Consider
D := F ∩ α(g)(F ) and the injection ϕ : D → gF, x 7→ gα(g)−1(x). Observe that
|D| = |F | − |α(g)(F )\F | > |F | − (|E′′F | − |F |) > θ|F |.
For all x ∈ G, we have gx ∈ Uα(g)(x) and so gα(g)−1(x) ∈ Ux. Hence, ϕ(x) ∈ Ux for all x ∈ D.
Thus, µ(F, gF, U) > θ|F |. Due to Theorem 4.5, this means that G is amenable. 2
Remark 5.7. The map α constructed for the proof of the implication (1)=⇒(2) above has the
additional property that α(g) ◦ λg−1 = ψ(g) is an involution for every g ∈ G.
Before moving on to our topological solution to von Neumann’s problem (Corollary 5.11),
we want to briefly discuss Theorem 5.3 for compact groups. This shall be done by proving the
proposition below. Recall that a topological group G is precompact if, for every U ∈ Ue(G), there
exists a finite subset F ⊆ G such that UF = G.
Proposition 5.8. A topological group G is precompact if and only if, for every identity
neighborhood U ∈ Ue(G), there exists α ∈ NG(U) such that Γ(α) is finite.
Proof. (=⇒) Without loss of generality, we assume that G is infinite. Let U ∈ Ue(G). Fix
V ∈ Ue(G) such that V −1 = V and V 3 ⊆ U . Since every precompact topological group is SIN,
we may also assume that gV = V g for all g ∈ G. By G being precompact, there exists a finite
subset F ⊆ G such that FF−1 ∩ V = {e} and
|F | = sup{|E||E ⊆ G, EE−1 ∩ V = {e}}.
Let g ∈ G. As gV = V g, it follows that gF (gF )−1 ∩ V = g(FF−1 ∩ V )g−1 = {e}. We prove
that the bipartite graph B := B(F, gF, V ) admits a perfect matching. To this end, let S ⊆ F
and T := NB(S). Consider the set E := ((gF )\T ) ∪ S. If x, y ∈ E and xy−1 ∈ V , then either
{x, y} ⊆ gF and thus x = y by the above, or {x, y} ∩ S 6= ∅ and hence {x, y} ⊆ S, which also
implies that x = y. Therefore, EE−1 ∩ V = {e}. It follows that
|F | > |E| = |(gF )\T |+ |S| = |F | − |T |+ |S|,
i.e., |S| 6 |T |. Consequently, B admits a perfect matching ϕg : F → gF by Corollary 4.3. Let
W ∈ Ue(G) be such that W−1 = W and W 2 ⊆ V . Since G = V F and Wx∩Wy = ∅ for any two
distinct x, y ∈ F , we may choose a map π : G → F such that:
• Wx ⊆ π−1(x) for every x ∈ F ;
• π(x) ∈ V x for all x ∈ G.
Since G is infinite and precompact, every non-empty open subset of G has the same cardinality
as G. This readily implies that |π−1(x)| = |G| for every x ∈ F . For each x ∈ F , choose a bijection
βx : π
−1(x) → G. Let us define a map h : Sym(F ) → Sym(G) by setting
h(γ)(x) := β−1γπ(x)(βπ(x)(x)) (γ ∈ Sym(F ), x ∈ G).
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Note that π(h(γ)(x)) = π(β−1γπ(x)(βπ(x)(x))) = γπ(x) for all γ ∈ Sym(F ) and x ∈ G. It follows
that h is a homomorphism: if γ, γ′ ∈ Sym(F ) and x ∈ G, then
h(γ′γ)(x) = β−1γ′γπ(x)(βπ(x)(x)) = β
−1
γ′γπ(x)(βγπ(x)(β
−1
γπ(x)(βπ(x)(x))))
= β−1γ′π(h(γ)(x))(βπ(h(γ)(x))(h(γ)(x))) = h(γ
′)(h(γ)(x)).
Now, for each g ∈ G, let us define γ(g) ∈ Sym(F ) by
γ(g)(x) := ϕ−1g (gx) (x ∈ F )
and put α(g) := h(γ(g)) ∈ Sym(G). Then {α(g) | g ∈ G} = {h(γ(g)) | g ∈ G} ⊆ h(Sym(F )).
Hence, Γ(α) is contained in the finite group h(Sym(F )) and therefore finite itself. It remains to
prove that α ∈ NG(U). Let g, x ∈ G. By choice of βγ(g)π(g−1x), ϕg, and π, it follows that
α(g)(x) = h(γ(g))(x) = β−1γ(g)π(x)(βπ(x)(x)) ∈ V γ(g)π(x) = V ϕ
−1
g (gπ(x)) ⊆ V 2gπ(x)
⊆ V 2gV x = V 3gx ⊆ Ugx.
This proves that α is contained in NG(U), which completes the argument.
(⇐=) Let U ∈ Ue(G). By our hypothesis, there is α ∈ NG(U−1) such that Γ(α) is finite.
Consider the finite subset F := {α(g)(e) | g ∈ G} ⊆ G. Clearly, if g ∈ G, then α(g)(e) ∈ U−1g
and thus g ∈ Uα(g)(e) ⊆ UF . That is, G = UF . This shows that G is precompact. 2
Next we turn our attention towards von Neumann’s problem. In his seminal work on amenable
groups [Neu29], von Neumann observed that amenability of a group is inherited by each of its
subgroups and that the free group F2 on two generators is not amenable. The question whether
every non-amenable group would contain a subgroup isomorphic to F2 was first posed in print
by Day [Day57]; however, it became known as the von Neumann problem and was solved in the
negative by Ol’̌sanskĭı [Ol’80]. Despite this negative answer to the original question, there are a
number of positive solutions to very interesting variations of the von Neumann problem, including
the ones by Whyte [Why99] in terms of geometric group theory, by Gaboriau and Lyons [GL09]
in the context of measured group theory, as well as by Marks and Unger [MU16] concerning
measurable dynamics. Whyte [Why99] proved that a finitely generated group G is non-amenable
if and only if F2 admits a translation-like action on G. Our Corollary 5.11 generalizes Whyte’s
result to the realm of topological groups and therefore may be regarded as a topological solution
to von Neumann’s problem.
We are going to state Whyte’s result (Theorem 5.10) as well as our topological variant
(Corollary 5.11) in terms of wobbling groups.
Definition 5.9. The wobbling group of a group action (G,X) is defined to be
W (G,X) := {γ ∈ Sym(X) | ∃E ∈ F (G) : gr(γ) ⊆ {(x, gx) | x ∈ X, g ∈ E}}.
Given sets X and I and a map α : I → Sym(X), we will abbreviate W (α) := W (Γ(α), X).
Considering the action of an arbitrary group G on itself by left translations, we define the
wobbling group of G to be W (G) := W (G,G). If G is a topological group and U ∈ Ue(G), then
we define the U -wobbling group of G to be
WU (G) := W (ΓU (G), G×NG(U)) = W
( ⊕
α∈NG(U)
α
)
.
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Whyte’s geometric solution [Why99] to the von Neumann problem can be stated as follows,
where a subgroup G of the full symmetric group Sym(X) of a set X is said to be semi-regular if
no non-identity element of G has a fixed point in X.
Theorem 5.10 [Why99, Theorem 6.1]. A group G is non-amenable if and only if the free group
F2 on two generators is isomorphic to a semi-regular subgroup of W (G).
Of course, if a topological group G is not amenable, then it must not be amenable as a discrete
group either and hence F2 embeds into W (G) as a semi-regular subgroup by Theorem 5.10.
However, topological non-amenability is a stronger assertion than discrete non-amenability and
therefore one might ask for a strengthening of Whyte’s result that characterizes non-amenability
for topological groups. We resolve this question as follows.
Corollary 5.11. Let G be a Hausdorff topological group. The following are equivalent.
(1) G is not amenable.
(2) There exists U ∈ Ue(G) such that, for every α ∈ NG(U), the free group F2 is isomorphic
to a semi-regular subgroup of W (α).
(3) F2 is isomorphic to a semi-regular subgroup of WU (G) for some U ∈ Ue(G).
Proof. It is not difficult to see that Whyte’s proof of Theorem 5.10 works just as well for group
actions: a group action (G,X) is non-amenable if and only if the free group F2 is isomorphic to a
semi-regular subgroup of W (G,X) (see [Sch17, Corollary 2.3] for the details). This observation
combined with our Theorem 5.3 implies the desired corollary. 2
Remark 5.12. Let G be a non-amenable Hausdorff topological group. As, due to (3) in
Corollary 5.11, there exists U ∈ Ue(G) such that F2 is isomorphic to a semi-regular subgroup of
WU (G), i.e., there exist g1, . . . , gm, h1, . . . , hn ∈ FG such that, for every α ∈ NG(U), there exist
partitions G =
⋃
· mi=1Ai =
⋃
· nj=1Bj so that the maps
m∐
i=1
α∗(gi)|Ai : G → G,
n∐
j=1
α∗(hj)|Bj : G → G
are elements of Sym(G) generating a semi-regular subgroup being isomorphic to F2. That is
to say, similarly to the situation with Theorem 5.3 explained in Remark 5.4, statement (3) of
Corollary 5.11 constitutes a uniform version of statement (2).
It is well known that containment of a discrete subgroup being isomorphic to F2 does not
prevent a general (i.e., not necessarily locally compact) topological group from being amenable:
among the most prominent examples of amenable topological groups admitting discrete free
subgroups are the full symmetric group of any infinite set with the topology of point-wise
convergence, the unitary group of any infinite-dimensional Hilbert space equipped with the
strong operator topology (which is even extremely amenable by a famous result of Gromov and
Milman [GM83]), as well as the automorphism group Aut(Q, <) with the topology of point-wise
convergence (which Pestov proved both to be extremely amenable and to contain a discrete copy
of F2 [Pes98]). Recently, the first example of an extremely amenable Polish group admitting
a complete bi-invariant metric and containing an (even maximally) discrete free subgroup was
given by Carderi and the second author [CT18].
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In particular, amenability of a topological group is not necessarily inherited by its closed
subgroups. Of course, this is very different to the discrete case where amenability is passed on
to subgroups. However, Corollary 5.11 suggests another perspective on this inheritance problem,
which we record in Corollary 5.14. The proof of Corollary 5.14 is a straightforward combination
of Theorem 5.3 and the following well-known fact.
Lemma 5.13. Consider a group G acting on a non-empty set X. A mean µ : `∞(X) → R is
G-invariant if and only if µ is W (G,X)-invariant.
Proof. Clearly, W (G,X)-invariance implies G-invariance. To prove the converse, suppose that µ
is G-invariant. Let h ∈W (G,X). Then there is a finite partition P of G along with (gP )P∈P ∈
GP such that h|P = gP |P for each P ∈P. For f ∈ `∞(X), it follows that
µ(f ◦ h) =
∑
P∈P
µ((f ◦ h) · 1P ) =
∑
P∈P
µ((f ◦ gP ) · 1P ) =
∑
P∈P
µ(f · (1P ◦ g−1P ))
=
∑
P∈P
µ(f · (1gPP )) =
∑
P∈P
µ(f · 1α(P )) = µ(f). 2
Since any subgroup of a group G embeds into W (G) as a semi-regular subgroup, the
hypothesis of the following corollary is satisfied for discrete (amenable) groups.
Corollary 5.14. Let G be an amenable Hausdorff topological group and let H be any group.
Suppose that there exists U ∈ Ue(G) such that, for every α ∈NG(U), the group H is isomorphic
to a semi-regular subgroup of W (α) (which is true, e.g., if H is isomorphic to a semi-regular
subgroup of WU (G)). Then H is amenable.
Proof. By Theorem 5.3, there exists α ∈NG(U) such that the action of Γ(α) on G is amenable.
Let µ : `∞(G) → R be a Γ(α)-invariant mean. By Lemma 5.13, it follows that µ is W (α)-invariant.
By assumption, there is an embedding ϕ : H → W (α) such that ϕ(H) is semi-regular. Hence,
there exists a map ψ : G → H such that ψ(ϕ(h)(x)) = hψ(x) for all h ∈ H and x ∈ G. Now
define ν : `∞(H) → R by
ν(f) := µ(f ◦ ψ) (f ∈ `∞(H)).
It is easy to see that ν is a mean. Furthermore, the W (α)-invariance of µ implies that
ν(f ◦ λh) = µ(f ◦ λh ◦ ψ) = µ(f ◦ ψ ◦ ϕ(h)) = µ(f ◦ ψ) = ν(f)
for all f ∈ `∞(H) and h ∈ H. Thus, ν is H-invariant, as desired. 2
The remainder of this section will be devoted to refining the previous constructions for Polish
groups to incorporate the results of Marks and Unger [MU16] and in turn provide measurable
versions of Theorem 5.3, Remark 5.4, and Corollary 5.11. Evidently, if a topological group G
is metrizable, then so is the topology of uniform convergence on Sym(G)G and therefore it
suffices to consider approximations of the left-translation action by sequences. Moreover, in
case G is separable, the following observation allows us to concentrate on Borel measurable
approximations.
Proposition 5.15. Let G be an amenable, separable Hausdorff topological group G, let H be
a dense countable subgroup of G, and let U ∈ Ue(G). There is α ∈ NG(U) such that:
• α has countable image and is Borel measurable;
• H is Γ(α)-invariant and Γ(α) acts amenably on the set H;
• Γ(α) acts on G\H by left H-translations.
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In particular, Γ(α) acts on G by Borel automorphisms and G×G → G, (g, h) 7→ α(g)(h) is Borel
measurable.
Proof. Fix an open identity neighborhood V ∈ Ue(G) such that V 2 ⊆ U . By density, the
amenability of G is equivalent to the amenability of H (carrying the respective subspace
topology). Hence, Theorem 5.3 implies the existence of a map β : H → Sym(H) such that:
• Γ(β) acts amenably on the set H;
• β(g)(h) ∈ V gh for all g, h ∈ H.
Extend β to a map β′ : H → Sym(G) by setting
β′(h)(x) :=
{
β(h)(x) if x ∈ H,
hx otherwise,
(h ∈ H, x ∈ G).
Evidently, H is Γ(β′)-invariant, and Γ(β′) acts amenably on H and acts by left H-translations
on G\H. As H is countable, β′(h) is an automorphism of the Borel space G for each h ∈ H and
it moreover follows that H × G → G, (h, x) 7→ β′(h)(x) is Borel measurable. Due to H being
countable and dense in G, a straightforward recursion also provides us with a Borel measurable
map π : G → H such that π(x) ∈ V x for all x ∈ G. Hence, the resulting maps α := β′ ◦ π : G →
Sym(G) and G×G → G, (g, h) 7→ α(g)(h) are Borel measurable, too. Clearly, we are only left
to note that α is a member of NG(U): indeed, if g, h ∈ G, then
α(g)(h) = β′(π(g))(h) ∈ V π(g)h ⊆ V 2gh ⊆ Ugh. 2
In view of Proposition 5.15, we introduce another bit of notation: for a Polish group G and
U ∈ Ue(G), we denote by MG(U) the set of those α ∈ NG(U), where:
• α has countable image and is Borel measurable; and
• for each g ∈ G, the map α(g) is a Borel automorphism of G.
Building on work of Marks and Unger [MU16], we obtain the subsequent two corollaries.
Corollary 5.16. Let G be a Polish group. The following are equivalent.
(1) G is not amenable.
(2) There exists U ∈ Ue(G) such that, for every α ∈ MG(U), the Polish space G admits a
Γ(α)-paradoxical decomposition, where each piece has the Baire property.
(3) There exists U ∈ Ue(G) such that, for every (αn)n∈N ∈MG(U)N, the Polish space G × N
admits a Γ(
⊕
n∈Nαn)-paradoxical decomposition, where each piece has the Baire property.
Proof. This follows from Theorem 5.3, Proposition 5.15, and [MU16, Theorem 1.1]. 2
Recall that a map f : X → Y between topological spaces X and Y is Baire measurable if the
preimage f−1(B) has the Baire property for every Borel set B ⊆ Y .
Corollary 5.17. Let G be a Polish group. The following are equivalent.
(1) G is not amenable.
(2) There is U ∈ Ue(G) such that, for every α ∈MG(U), the free group F2 is isomorphic to a
semi-regular subgroup of Baire measurable elements of W (α).
(3) There is U ∈Ue(G) such that, for every (αn)n∈N ∈MG(U)N, the free group F2 is isomorphic
to a semi-regular subgroup of Baire measurable elements of W (
⊕
n∈Nαn).
Proof. This follows from Theorem 5.3, Proposition 5.15, and [MU16, Theorem 1.2]. 2
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6. Equivariant geometry of amenable topological groups
In this section we give an application of Theorem 4.5 concerning coarse geometry of topological
groups as studied extensively in [Ros17a, Ros17b]. In fact, we answer a question posed by
Rosendal [Ros17b, Problem 1] in the affirmative.
For a start, let us recall some terminology from [Ros17b]. Let X and Y be pseudo-metric
spaces and let σ : X → Y . The expansion modulus of σ is defined as θσ : [0,∞] → [0,∞] with
θσ(t) := sup{dY (σ(x), σ(y)) | x, y ∈ X, dX(x, y) 6 t} (t > 0).
Note that σ : X → Y is uniformly continuous if and only if limt→0 θσ(t) = 0. We will say that
f : X → Y is bornologous if θσ(t) <∞ for all t <∞. Furthermore, the compression modulus of
σ is defined to be κσ : [0,∞] → [0,∞] with
κσ(t) := inf{dY (σ(x), σ(y)) | x, y ∈ X, dX(x, y) > t} (t > 0).
Moreover, we define the exact compression modulus of σ as κ̃σ : [0,∞] → [0,∞] with
κ̃σ(t) := inf{dY (σ(x), σ(y)) | x, y ∈ X, dX(x, y) = t} (t > 0).
Evidently, κσ(t) = infs>t κ̃σ(s) for every t > 0 and
κ̃σ(dX(x, y)) 6 dY (σ(x), σ(y)) 6 θσ(dX(x, y))
for all x, y ∈ X. For a detailed discussion of the functions introduced in this paragraph, the
reader is referred to [Ros17b].
We will also need some additional terminology concerning Banach spaces. As in [Ros17b],
we say that a Banach space X is finitely representable in a Banach space Y if, for every finite-
dimensional linear subspace F ⊆ X and every ε > 0, there is a linear embedding T : F → Y such
that ‖T‖, ‖T−1‖ < 1 + ε. It is quite well known that a Banach space X is finitely representable
in a Banach space Y if and only if X embeds isometrically into some ultrapower of Y (see, for
instance, [Ste76, Ste78]).
What is more, if E is a Banach space and 1 6 p <∞, then we denote by Lp(E) the Banach
space of equivalence classes of Bochner measurable functions f : [0, 1] → E with
‖f‖Lp(E) =
(∫ 1
0
‖f(t)‖pE dt
)1/p
<∞.
For the last bit of terminology, let π be a continuous isometric linear representation of a
topological group G on a Banach space X, that is, π is a continuous homomorphism from G
into the topological group Iso(X) of all linear isometries of X endowed with the strong operator
topology. As usual, by a cocycle for π we mean a map b : G→X satisfying b(xy) = π(x)b(y)+b(x)
for all x, y ∈ G.
Our next theorem constitutes a generalization of [Ros17b, Theorem 16] and provides a
positive solution to [Ros17b, Problem 1]. In turn, Theorem 6.1 generalizes earlier results by
Pestov for locally finite groups [Pes08, Theorem 4.2] and by Naor and Peres for finitely generated
amenable groups [NP11, Theorem 9.1].
Theorem 6.1. Let G be an amenable Hausdorff topological group and E be a Banach space.
Let 1 6 p < ∞. There exists a continuous isometric linear representation π of G on a Banach
space X, finitely representable in Lp(E), such that the following holds: if d is a continuous
left-invariant pseudo-metric on G and σ : (G, d) → E is a uniformly continuous and bornologous
map with exact compression modulus κ̃ = κ̃σ and expansion modulus θ = θσ, then π admits a
cocycle b : G → X such that
∀x, y ∈ G : κ̃(d(x, y)) 6 ‖b(x)− b(y)‖X 6 θ(d(x, y)).
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The proof of Theorem 6.1 given below follows very closely the lines of Rosendal, more precisely
the proof of Theorem 16 in [Ros17b]. Our only modification is the usage of Theorem 4.5. However,
we decided to include the full proof for the reader’s convenience. What is more, we are going to
revisit the argument subsequently for extremely amenable groups (Proposition 6.3).
Remark 6.2. Let G be a topological group. For the proof of Theorem 6.1, we are going to equip G
with its left uniformity, i.e.,
E`(G) := {E ⊆ G×G | ∃U ∈ Ue(G)∀x, y ∈ G : x−1y ∈ U =⇒ (x, y) ∈ E},
and we will denote by LUCb(G) the set of all bounded left-uniformly continuous real-valued
functions on G. Of course, the topology induced by the left uniformity is again just the original
topology of G. Moreover, ι : (G,Er(G)) → (G,E`(G)), x 7→ x−1 is an isomorphism of uniform
spaces and ι ◦ λg = ρg ◦ ι for all g ∈ G. Hence, any statement about the right uniformity
and right-invariant metrics on G can be translated into an equivalent statement about the left
uniformity and left-invariant metrics in straightforward, translation-compatible manner.
Proof of Theorem 6.1. Since G is amenable, Theorem 4.5 (along with Remarks 4.6 and 6.2)
asserts the existence of a family (Fi)i∈I of finite non-empty subsets of G and a non-principal
ultrafilter U on I with limi→U δFi(f−f ◦ρg) = 0 for all f ∈ LUCb(G) and g ∈ G. Let 1 6 p <∞.
For each i ∈ I, denote by `p(Fi, E) the Banach space obtained by endowing the vector space EFi
with the norm
‖f‖`p(Fi,E) :=
(∑
x∈Fi
‖f(x)‖pE
)1/p
(f ∈ EFi).
Let
∏
i→U `
p(Fi, E) denote the corresponding ultraproduct. More precisely, equipping
W :=
{
(fi)i∈I ∈
∏
i∈I
`p(Fi, E)| sup
i∈I
‖fi‖`p(Fi,E) <∞
}
with the semi-norm given by
‖(fi)i∈I‖U := lim
i→U
‖fi‖`p(Fi,E) ((fi)i∈I ∈W )
and setting N := {(fi)i∈I ∈ W | ‖(fi)i∈I‖U = 0}, we define
∏
i→U `
p(Fi, E) to be the quotient
space W/N . Let LUCb(G,E) be the vector space of all bounded left-uniformly continuous maps
from G to E. Consider the linear operator Θ: LUCb(G,E) →
∏
i→U `
p(Fi, E) given by
Θ(f) := (|Fi|−1/p · f |Fi)i∈I +N (f ∈ LUCb(G,E)).
Now ‖f‖U ,p := ‖Θ(f)‖U (f ∈ LUCb(G,E)) defines a semi-norm on LUCb(G,E). Moreover,
‖f‖pU ,p = ‖(|Fi|
−1/p · f |Fi)i∈I‖
p
U =
(
lim
i→U
‖|Fi|−1/p · f |Fi‖`p(Fi,E)
)p
= lim
i→U
∑
x∈Fi
‖|Fi|−1/pf(x)‖pE = limi→U
1
|Fi|
∑
x∈Fi
‖f(x)‖pE
for every f ∈ LUCb(G,E). We claim that ‖ · ‖U ,p is invariant under the linear representation π
of G on LUCb(G,E) given by
π(g)f := f ◦ ρg−1 (g ∈ G, f ∈ LUCb(G,E)).
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Indeed, if f ∈ LUCb(G,E), then the function f∗ : G → R, x 7→ ‖f(x)‖pE is bounded and left-
uniformly continuous and hence
‖f‖pU ,p − ‖π(g)f‖
p
U ,p = limi→U
1
|Fi|
∑
x∈Fi
‖f(x)‖pE − limi→U
1
|Fi|
∑
x∈Fi
‖f(xg)‖pE
= lim
i→U
δFi(f
∗ − f∗ ◦ ρg−1) = 0
for all g ∈ G. Consider the subspace M := {f ∈ LUCb(G,E) | ‖f‖U ,p = 0} and denote by X the
completion of LUCb(G,E)/M with respect to ‖ · ‖U ,p. Since π is an isometric linear representation
of G on LUCb(G,E), it induces an isometric linear representation of G on X, which we continue
denoting by π.
We are going to prove that π : G → Iso(X) is continuous with respect to the strong operator
topology on Iso(X), which means that G → X, g 7→ π(g)x is continuous for every x ∈ X. Since
π is an isometric representation and the quotient LUCb(G,E)/M is dense in X, it suffices to
show that G → LUCb(G,E), g 7→ π(g)f is continuous for every f ∈ LUCb(G,E). To see this,
let f ∈ LUCb(G) and ε > 0. Due to f being left-uniformly continuous, there exists U ∈ Ue(G)
such that ‖f(g)− f(h)‖E 6 ε for all g, h ∈ G with g−1h ∈ U . Hence,
‖π(g)f − π(h)f‖pU ,p = limi→U
1
|Fi|
∑
x∈Fi
‖f(xg)− f(xh)‖pE 6 ε
p
and therefore ‖π(g)f − π(h)f‖U ,p 6 ε for all g, h ∈ G with g−1h ∈ U . This proves that π is
continuous with respect to the strong operator topology.
We argue that X is finitely representable in Lp(E). Since `p(Fi, E) is isometrically isomorphic
to a linear subspace of Lp(E) for each i ∈ I, it follows that
∏
i→U `
p(Fi, E) is finitely representable
in Lp(E). By construction of norm, X embeds isometrically into
∏
i→U `
p(Fi, E) and is therefore
finitely representable in Lp(E).
We now claim that the representation π has the additional property stated in the theorem.
To prove this, let d, σ, κ̃, and θ be as in the theorem. Define b : G → LUCb(G,E) by
b(x) := (σ ◦ ρx−1)− σ (x ∈ G).
Note that b is well defined: if x ∈ G, then clearly b(x) is left-uniformly continuous as σ is, and
b(x) is bounded as
sup
y∈G
‖b(x)(y)‖E = sup
y∈G
‖σ(yx)− σ(y)‖E 6 sup
y∈G
θ(d(yx, y)) = θ(d(x, e)) <∞
due to d being left invariant and σ being bornologous. Again, in terms of notation we will not
distinguish between b and the associated map from G to X. It is easy to see that b is a cocycle
for π, that is, b(xy) = π(x)b(y) + b(x) for all x, y ∈ G. For all x, y, z ∈ G, the left invariance of d
yields that
κ̃(d(x, y)) = κ̃(d(zx, zy)) 6 ‖σ(zx)− σ(zy)‖E 6 θ(d(zx, zy)) = θ(d(x, y))
and, since σ(zx)− σ(zy) = ((σ ◦ ρx−1)− (σ ◦ ρy−1))(z) = (b(x)− b(y))(z), we arrive at
κ̃(d(x, y)) 6 ‖(b(x)− b(y))(z)‖E 6 θ(d(x, y)).
We conclude that
κ̃(d(x, y))p 6
1
|Fi|
∑
z∈Fi
‖(b(x)− b(y))(z)‖pE 6 θ(d(x, y))
p
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for all x, y ∈ G and i ∈ I. By the expression for ‖ · ‖pU ,p, it follows that
κ̃(d(x, y)) 6 ‖b(x)− b(y)‖U ,p 6 θ(d(x, y))
for all x, y ∈ G. This completes the proof. 2
The proof of Theorem 6.1 given above even allows for slight improvement concerning
extremely amenable groups, as our next result reveals.
Proposition 6.3. Let G be an extremely amenable topological group and let E be a Banach
space. There exists a continuous isometric linear representation π of G on a Banach space X,
finitely representable in E, such that the following holds: if d is a continuous left-invariant
pseudo-metric on G and σ : (G, d) → E is a uniformly continuous and bornologous map with
exact compression modulus κ̃ = κ̃σ and expansion modulus θ = θσ, then π admits a cocycle
b : G → X such that
∀x, y ∈ G : κ̃(d(x, y)) 6 ‖b(x)− b(y)‖X 6 θ(d(x, y)).
Proof. It is well known that a topological group G is extremely amenable if and only if the
continuous action of G on its Samuel compactification admits a fixed point (for more details,
see [Pes98]). Since G is extremely amenable, there thus exists a family (xi)i∈I ∈ GI along with
an ultrafilter U on I such that limi→U f(xi) − f(xig) = 0 for all f ∈ LUCb(G) and g ∈ G.
Reviewing the proof of Theorem 6.1 for Fi := {xi} (i ∈ I), we now observe that `1(Fi, E) ∼= E for
every i ∈ I, whence the constructed Banach space X embeds isometrically into the ultrapower
of E with respect to U . That is, X is finitely representable in E. 2
As outlined in [Ros17b], Theorem 6.1 has a number of interesting applications concerning the
coarse geometry of topological groups. In particular, it readily implies that [Ros17b, Theorem 6
and Corollaries 4–6] are still valid if the assumption of Følner amenability is replaced by
amenability.
Definition 6.4 [Ros17b]. A Polish group G is called Følner amenable if:
(1) there exist an amenable, second countable, locally compact group H and a continuous
homomorphism f : H → G such that f(H) is dense in G; or
(2) G admits a chain of compact subgroups whose union is dense in G.
It is not easy to provide examples of amenable Polish groups which are not Følner amenable
in the sense of Rosendal; however, with the help of Ian Agol, we managed to provide an example
as follows. Let m be fixed and let G(m) be the inverse limit of the free m-generator n-step
nilpotent group G(m,n). It is well known that G(m,n) is torsionfree for all m,n ∈ N. Then
G(m) is an amenable pro-discrete Polish group. Indeed, the inverse limit of any directed family
of amenable topological groups, whose limit projections have dense images, is again amenable
(cf. [BB11, Pes12]) and in particular the inverse limit of any directed family of amenable discrete
groups is amenable as a topological group.
For a fixed prime p, the group G(m) surjects onto K(m, p), the free m-generator pro-p group,
since all finite p-groups are nilpotent. Now the congruence kernel
L(p) := ker(SL(2,Zp) → SL(2,Z/pZ))
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is a finitely generated pro-p-group and hence K(m) surjects onto it for some m. Hence, any
dense subgroup of G(m) for m large enough will give rise to a dense subgroup of L(p). Since
L(p) is non-solvable, this image is non-solvable as well and thus contains a free subgroup by the
Tits alternative. We get that any dense subgroup of G(m) must have a free subgroup and hence
be non-amenable. An additional argument shows that m = 2 is enough for the general strategy
to work. On the other side, we claim that if G(m) were Følner amenable, then it must have a
dense subgroup which is amenable as a discrete group. Indeed, since G(m,n) is torsionfree, the
group G(m) does not have any non-trivial compact subgroups. Thus, condition (2) cannot be
satisfied and in condition (1) any continuous homomorphism from an amenable locally compact
group must factor through a discrete quotient. This finishes the proof that G(m) is not Følner
amenable.
If G is an amenable Polish group not satisfying condition (1) of Definition 6.4, then G × Z
is an amenable Polish group not being Følner amenable: by our hypothesis on G, it follows
that G × Z does not satisfy condition (1) of Definition 6.4 and, since Z is not locally finite,
G× Z cannot satisfy condition (2) of Definition 6.4 either. Therefore, in order to produce more
examples of amenable Polish groups which are not Følner amenable, it would suffice to find an
amenable Polish group not satisfying condition (1) of Definition 6.4. For Aut(Q, <), equipped
with the topology of point-wise convergence, U(`2N), or the Fredholm unitary group UC(`2N),
endowed with the uniform operator topology, this problem can be reduced to the question of
existence of a countable dense subgroup which is amenable as a discrete group. For Aut(Q, <),
this seems to be an interesting open problem, likely equivalent to the famous question as to
whether Thompson’s group F is amenable. However, this question is also interesting and just
as natural for other Polish groups, such as the unitary group U(`2N) with the strong operator
topology or the Fredholm unitary group UC(`
2N). Indeed, a well-known open problem asks
whether U(`2N), with the strong operator topology, admits a dense locally finite subgroup;
cf. [Kec10, Appendix H, Section (E), last remark, p. 220]. Let us note in this respect that there
is no local obstruction to amenability of a dense subgroup in U(`2N); what we mean by this is
that it is known that for any k, the set of k-tuples of unitaries in U(`2N) which generate an
amenable group (in fact a finite group) is dense in the product topology. This follows from work
of Lubotzky and Shalom [LS04]. On the other side, note that the group U(n) cannot have a
dense subgroup which is amenable as a discrete group; this again is a basic consequence of the
Tits alternative.
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